Controlling manifold covers of orbifolds 



1 



Controlling manifold covers of orbifolds 

D. B. McReynolds* 
January 27, 2009 

Abstract 

In this article we prove a generalization of Selberg's lemma on the existence of torsion free, finite 
index subgroups of arithmetic groups. Some of the geometric applications are the resolution a 
conjecture of Nimershiem and answers to questions of Long-Reid and the author. 

1 Introduction 

For a compact orbifold M, there is no reason to expect M to possess a finite manifold cover. In- 
deed, even the existence of a finite orbifold cover cannot be guaranteed. However, when K° rb {M) 
admits a faithful linear representation, Selberg's lemma (see for instance 10) furnishes M with many 
finite manifold covers. Given their prolificacy, one might ask more geometrically of these covers. 
Explicitly, we ask the following pair of questions. 

Question 1. If N is a properly immersed, n\-injective submanifold of M, can N be lifted to an 
embedded submanifold in a finite manifold cover of Ml 

Question 2. If N is an immersed, totally geodesic submanifold of M, can N to be lifted to an 
embedded submanifold in a finite manifold cover of Ml 

This article aims at resolving the first question in some special cases — in the final section, we par- 
tially address the second question. Even in these special situations, there are some new geometric 
applications. We have elected to postpone the motivation for these geometric results until Section|6] 
Before describing them, we give an abbreviated account of the associated algebraic problem. 

The enterprize of promoting immersions to embeddings in finite covers has received some attention 
in recent years. The associated algebraic problem for the subgroup 7C\(N) of n" rh (M) is directly 
related to subgroup separability (see lf20l ). In this vein, we proved in lfl5l a result that promotes 
7Ti-injective immersions to embeddings in finite covers when M is arithmetic and N is infranil. Our 
present goal is to ensure the cover constructed in [15] can be taken to be a manifold. Algebraically, 
this requires a torsion free, finite index subgroup Aq of n" rb (M) that contains 7Ci(N). The main 
result of this article is the resolution of this problem — throughout the remainder of this article, [rj] 
will denote the GL(n,Z)-conjugacy class of an element rj of GL(n,Z). 

Theorem 1.1. Let tj £ GL(n,Z) be a semisimple element and T < GL(«,Z) a torsion free, virtually 
unipotent subgroup. Then there exists a finite index subgroup Ao of GL(n,Z) such that Y < Aq and 
[Tj]nA o = 0. 

Corollary 1.2. Let Y < GL(n,Z) be a torsion free, virtually unipotent subgroup. Then there exists 
a torsion free, finite index subgroup Aq o/GL(n, Z) such that Y < Aq. 
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The main geometric application of Corollary |1.2| given here is on the structure of cusp cross sections 
of arithmetic orbifolds and manifolds. Specifically, using the aforementioned subgroup separability 
result [ 15 , Theorem 3.1] in tandem with Corollary |5.3l (see Section[5]l, we can promote 7Ti-injective 
immersions of infranil manifolds into arithmetic orbifolds to embeddings in some finite manifold 
cover of the target orbifold. With this and our previous work in lfl5l[T6ll . we can derive a few new 
geometric results. The first verifies a conjecture of Nimershiem [18, Conjecture 2']. 

Theorem 1.3 (Nimershiem's conjecture). Let M be a closed flat n-manifold. Then the space of sim- 
ilarity classes of flat structures that can be realized in cusp cross sections of (arithmetic) hyperbolic 
(n + 1 )-manifolds is dense in the space of flat similarity classes. 

This was previously known only for n = 1,2, and 3 (see lfl8l ). The following corollary of Theorem 
ll.3l was also previously unknown. 

Corollary 1.4. Every closed flat n-manifold is diffeomorphic to a cusp cross section of an arithmetic 
hyperbolic (n + 1 )-manifold. 

Corollary 1 1 .41 upgrades the main result of Long-Reid [12 Theorem 1.1] to manifolds, answering 
a question implicitly asked by Long and Reid lfl2l p. 286] (Nimershiem lfl~8l Conjecture 1'] also 
conjectured this without an arithmetic assumption). 

Our next result is the extension of Theorem ll.3l to the complex and quaternionic hyperbolic settings 
via lfl6l Theorem 3.5] and Corollary |5.3l 

Theorem 1.5. (a) Let N be a closed almost flat manifold modeled on the Heisenberg group 
9^2(1+1- Then the space of similarity classes of almost flat metrics on N that can be real- 
ized in cusp cross sections of complex hyperbolic (n + \)-manifolds is either empty or dense 
in the space of almost flat metrics. 

(b) Let N be a closed almost flat manifold modeled on the quaternionic Heisenberg group 9l4„+3. 
Then the space of similarity classes of almost flat metrics on N that can be realized in cusp 
cross sections of quaternionic hyperbolic (n + 1 )-manifolds is either empty or dense in the 
space of almost flat metrics. 

In |[T5l Theorem 5.4], we gave a necessary and sufficient condition on when this set is non-empty. 
This provides the following corollary which answers a question asked in [15 Section 8]. 

Corollary 1.6. Every closed Nil 3-manifold is diffeomorphic to a cusp cross section of an arithmetic 
complex hyperbolic 2-manifold. 

Density for almost flat structures on compact Nil 3-manifolds follows from Theorem 11.51 (a) and 
Corollarv ll.6l Our final result is the geometric consequence of Corollary 15. 3 1 

Corollary 1.7. Let N be a closed infranil manifold and X an arithmetic orbifold. Then any proper 
%\-injective immersion ofN into X can be lifted to be an embedding in a finite manifold cover of X. 

Note that Theorem ll.il (see Theorem 15. 2\ permits one to find finite manifold covers of X such that 
any finite number of closed geodesies fail to lift and N can be lifted to be embedded. 

Acknowledgements. I wish to thank Karel Dekimpe, Daniel Groves, Christopher Leininger, Gopal 
Prasad, Alan Reid, Matthew Stover, and Henry Wilton for stimulating conversations and gratefully 
acknowledge the California Institute of Technology for their hospitality, as part of this work was 
done while visiting that institution. 
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2 Preliminaries 

Notation. For each prime p, Z p ,Q p will denote the ;?-adic integers and field, respectively. The full 
profinite closure of Z will be denoted by Z. Associated to these topological rings are the topological 
groups GL(n,Zp),GL(n,Q p ), and GL(n,Z). Finally, r m : GL(n,Z) — > GL(«,Z/mZ) will denote the 
reduction homomorphism given by reducing coefficients modulo m. 

2.1. Given a subgroup F of GL(n,Z), we denote the closure of F in GL(n,Z p ) by Cl p (F) and its 
closure in GL(n,Z) by Cl(r). The following is a restatement of [ 15, Theorem 3.1]. 

Theorem 2.1. IfF < GL(n,Z) is virtually solvable, then C1(T) (~lGL(«,Z) = F. 

2.2. Given an element y in GL(n, Z), there exists a unique decomposition y = y v y„ called the Jordan 
decomposition. The elements Ys,Yu G GL(n,C) have the following properties: 

(1) Ys is diagonalizable and y„ — /„ is nilpotent. 

(2) [Ys , Yu] = Y7 1 Yu 1 Ys % = h ■ 

An element y is called semisimple if y„ = /„ and unipotent if y v = /„. It will be our convention to 
consider the trivial element as unipotent. Whether or not an element is semisimple or unipotent is a 
conjugacy invariant, a fact gleamed from the formulae 

{T}~ l YT))s = ri~ l YM, {r\~ l Yn)u = ri~ l Yuri. (1) 

2.3. A subgroup F of GL(n,C) is unipotent if F is conjugate in GL(n,C) into the group of upper 
triangular matrices with ones along the diagonal. More generally, if F has a finite index subgroup 
that is unipotent, we say that F is virtually unipotent. 

Given a virtually unipotent subgroup F of GL(n, Z), each element y in F possesses a Jordan decom- 
position YsYu- A s some power of y is unipotent, y"' = Y" where m is the order of y . In the event that 
r is torsion free, y„ is necessarily nontrivial and hence no element of F can be semisimple. Note also 
that both Ys, Yu reside in GL(n,Q). 

2.4. Associated to F is the set of semisimple factors 

Semi(r) = {y, : y e F} c GL(«;C). 

According to ([TJ, the conjugate action of F induces an action on the set Semi(r). The finiteness of 
the quotient Semi(r) /F under this action will be critical. 

Lemma 2.2. IfF < GL(n,Z) is virtually unipotent, then Semi(r)/r is finite. 

We postpone the proof of Lemma [2721 until Section|4] For future reference, we fix a complete set of 
representatives s y , . . . , 4 y r G Semi(r) for the quotient set Semi(r) /F. 



3 Proof of Theorem 1.1 



In this section we prove Theorem ll.il We begin by deducing Corollary 1 1 . 21 from Theorem ll.il 
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Proof of Corollarv U .21 By Weil local rigidity, there are finitely many conjugacy classes of torsion 
elements in GL(n, Z) (see for instance |[T9l ). Let 771 , . . . , 77, be a complete set of representatives for 
these conjugacy classes of torsion elements. According to Theorem ll.il for each rjj, there exists a 
finite index subgroup Aj of GL(«,Z) such that F < Aj and [17 ;] R A; = 0. The subgroup 

Ao=n A ;> 

7=1 

is easily seen to suffice for verifying the corollary. □ 



3.1 Proof of Theorem O 

In this subsection, we prove Theorem ll.il The proof is elementary (modulo Lemma |2T2| >. relying 
only Jordan form and passage to convergent subsequence (via compactness). 



1. Some basic lemmas. We begin by recording some elementary facts, the proofs of which have 
been included for completeness. 

Lemma 3.1. If J is a limit of unipotent elements in GL(«,Z p ), then y is unipotent. 

Proof. Let { jj } be a sequence of unipotent elements in GL(n, Z p ) that converge to 7. As there exists 
a uniform bound on the multiplicative order of jj — I n , it follows that 7 is unipotent. Specifically, if 
N is an integer such that the multiplicative order of 7, — /„ is bounded above by N for all j, it follows 
that for all j > 0, {y } --I„) N = 0„. Thus 

0„ = Urn ((yj - ^f) = UfiYj - q) = ( (lim 7/) - = (y- hf ■ 

□ 

Lemma 3.2. Ifr\ G GL(n,Z) is semisimple, then C\ p {[r\\) consists of semisimple elements. 

Proof. For A € Clp([rj]), there exists a convergent sequence {^j j in I 1 ?] whose limit is A. For 
each Tjj, by definition there exists /3 ; G GL(n,Z) such that fij l r\'jfij = 77. As {j3,} is a sequence 
in the compact group GL(«,Z P ), there exists a convergent subsequence {/3^} of {j3,} with limit 
j3 G GL(n,Z p ). Note that by continuity of taking inverses, the sequence {Pf 1 } is also convergent 
and has limit J3 _1 . In total, this yields 



77 = lim 77 ^limQV 1 ^) - ( limjS^J • ( lim^ 1 • f lirn^J = i 8- 1 A i 8. 

As 77 is semisimple, A is as well. □ 

Lemma 3.3. For subsets R\,R2 C GL(n,Z), ifC\ p {R\) nCl ;5 (/?2) = 0, f^^n there exists a positive 
integer K such that r p K{R\) H r p ic(R2) — 0- 

Proof. Note that as the closed sets C\p(R\) and Cl p (/?2) are disjoint, the topological normality of 
GL(n,Z p ) implies that we can find an open subsets Oj of GL(n,Z p ) that contain Cl p (Rj) and are dis- 



joint from C\ p (Rk) where j ^= k. The subsets Cl p (r i{r p t(Rj))) are open (and closed) in GL(n,Z 
contain C\ p (Rj), and have the feature that 



P! 



r\ Cl p( r p hr p i(Rj)))=Cl p (Rj). 
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Therefore, for some large integer K, it must be that 

Cl p (r^( V fa))) nCl p (rJ(r pK (R 2 ))) = 0. 
Thus, we must have the less restrictive, desired conclusion 

r p K(R 1 )nr pK (R 2 )=V). 

□ 



2. Limit point criterion. For the statement of the following proposition, recall by Lemma lZ2l that 
there exists a finite set { s ji , ■ ■ ■ , s J r } of semisimple factors up to T-conjugation. 

Proposition 3.4. IfT/G Cl p (r) is semisimple, then there exists 1 < k-q < r such that s Yk n S C\ p (T). 

Proof. By definition, there exists a convergent sequence { Yj } in F with limit tj . Consider the pair 
of sequences s Yj — (Yj)s, u Yj = (7j)«- We will first prove the proposition under the assumption that 
s Yj = s Yk n f° r a H j an d some fixed k^. We will see below that the general situation can be reduced 
to this. Under the assumption that s jj = s Yk n , the associated unipotent factor sequence { "Yj} of 
{7/} must also converge since "Yj = Yj( s Yk n ) _1 - Suggestively setting tj„ to be the limit of the 
sequence { "7/}, we assert that s Yk n T\ u is the Jordan decomposition for tj. That tj„ is unipotent 
follows from Lemma [XT1 (we already know that "y^ is semisimple). To see that s Yk n f]u = f], notice 
that* Yk n ■ 11 Yj = Yj- Therefore, 

77 = limy; = lim ( % n ■ "yj) = s y krj • flirn "y^ = % n • tj„. 
Finally to see that [ s % . ij„] = /„, note that 

/„ = lim[ , "7;] = lim (( X r 1 ' ( "YjV • % ■ "7;) 



(xr'-fiimc^r^-x-fiim^) 



as needed. This shows that s 7t r) T ?« is the Jordan decomposition for 77. As tj is semisimple, it must 
be that tj„ = /„ and hence tj = s 7^ for some k n . 

It could be the case that the semisimple factor sequence v y ; - for Yj is not constant. Using Lemma l272l 
we will reduce this case to the previous one. To begin, by Lemma l272l there exists a sequence {dCj} 
in r such that 

{aJ l YjCCj) s = aj l 7/«/ = %, kj e {l,...,r}. 
In particular, some k-q must occur infinitely often and so we can pass to a subsequence 7 such that 

{a; l yai) s = s % n 

for some fixed 1 < kn < r. As {a,} is a sequence in the compact group C\ p {T), {a,} has a con- 
vergent subsequence {(X(} with limit a £ Cl p (r). Again by continuity of taking inverses, {oc^ 1 } is 
convergent with limit a~ l E Cl p (r). In total, we see now that 

\ima[ 1 Y(OC ( = ^lima^ 1 ^ • ^limy^ • flimoc^ = a^'r/a. 

As a, oc _1 , tj G Cl„(r), so is a^'ria. In addition, since tj is semisimple, so is its conjugate a _1 ija. 
By taking a _1 Tja instead of tj, we can assume that tj is the limit of a sequence {7,} in T whose 
semisimple factors are constant. □ 
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3. Avoiding a semisimple factor. As before, the elements s yi,..., s J r are a complete list of 
semisimple factors up to r-conjugation given by Lemma [2~2l 

Lemma 3.5. For each k = 1 , . . . , r, there exists a prime such that s ji c ^ Cl ; , t (T). 

Proof. If s Jk £ GL(n,Z), then there exists a matrix coefficient v of s % such that v ^ Z. Taking 
to be a prime occurring in the denominator of v, it follows that v ^ Z Pk . As any limit of elements in 
r is in GL(n,Z p ), "y^ £ Cl w (r). We now consider the alternative when s Yk & GL(«,Z). According 
to Theorem l2.ll if s y/ c £ GL(«,Z) nCl(r), then "jk G T. However, F is torsion free and s % is finite 
order, and thus could not possibly reside in F. Therefore, there must exist a prime p# such that 
s Yk t Cl Pk (T), as desired. □ 

4. Proof of Theorem II. 11 Let [77] be a GL(n,Z)-conjugacy class for a semisimple element Tj in 
GL(n,Z). Using the primes in Lemma [3~5l and setting 

N = f\pi, cw(r) = nci p ,(r), 

i=l i=l 

it follows that s jk ^ CLv(r) for all k = 1, . . . r. In particular, CLv(r) contains no semisimple elements 
by Proposition 13.41 By Lemma [3~l2l CLv([tj]) consists entirely of semisimple elements. These two 
facts imply that CLv(r) nCLv([T7]) = 0. By Lemma 1331 there exists a positive integer K such that 
r N K (r) n r N K ([tj]) =0. The proof is completed by taking the finite index subgroup r~g(r N K(T)) for 
In. ' " - ■ : □ 

Theorem ll.ll is the strongest possible result. In Section[7] we give an example, due to Stebe ||2TI . of 
an infinite cyclic subgroup of GL(n,Z) with semisimple generator for which Theorem ll.ll is false. 
In particular, the virtual unipotency assumption cannot not be dropped. 

3.2 Torsion in profinite groups 

For a torsion free, residually finite G, there is no reason to expect the profinite closure G of G to 
be torsion free. Indeed, torsion free, finite index subgroups of GL(n,Z) with n > 2 provide linear 
examples (see fiJlO . Even for nilpotent groups G, it need not be the case that G is torsion free 
(see iflOl ). However, for the class of F consider here, it follows from [ 10] that F is torsion free. In 
addition, it follows from [ 15] that C1(T) = F. Using this with Lemma l3~2l provides a different proof 
of Corollarv ll.2l Our proof of Theorem 1 1 . 1 I provides an elementary proof that F is torsion free for 
virtually unipotent subgroups of GL(n,Z). 



4 Proof of Lemma 2.2 



In this section, we prove Lemma I2T21 We refer the reader to [6] for the material used below on 
nilpotent Lie groups, Lie algebras, and almost crystallographic groups. 

Preliminaries. For a virtually unipotent subgroup F of GL(n,Z), there exists a short exact se- 
quence 

i — > r„ —> f — > e —> i 

where r„ is the Fitting subgroup of F and 9 is a finite group (the holonomy group of F). The associ- 
ated holonomy representation (p :9—t Out(r„) together with a 2-cocycle / 6 Hy(F U} 9) determine 
r. We will prove Lemma l2~2l by induction of the step size of F u . The base case when r„ is abelian 
is nothing more than the case when F is a crystallographic group. Before addressing the base case, 
we simplify our situation. 
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Set N to be the Mal'cev completion [6, p. 9] of r u and n to be the Lie algebra of N. By construction, 
r„ admits an injection into N. The group N is a connected, simply connected, nilpotent Lie group and 
so the exponential map (see j6] p. 7-8]) exp: n — > N has a smooth inverse log: N — > n. By Mal'cev 
rigidity [6, Theorem 1.2.3], the holonomy representation <p has a unique extension <p : 9 — » Out(N) 
and this extension lifts to a homomorphism into Aut(N) (see J6] Lemma 3.1.2]). This provides us 
with an injection y/: T — > N %8 where, in an abuse of notation, <p denotes some lift of <p to Aut(N). 
This allows us to write each element y e T as (n r , 9 r ) with n y € N and 9y£9. We also have a Jordan 
decomposition of 7 given by 7 = (n S) 9y) ■ (««,1) where n s ,riy <E N and 9y(n u ) = n u . The set of 
semisimple factors under this decomposition is given by 

Semi N (r) = {(n s ,9 7 ) : 7 6 T} C N 0. 

and we can reduce the finiteness of Semi(r)/r to the finiteness of Semii>j(r)/r. That this can 
be done is seen by the following argument. By Mal'cev rigidity, the inclusion of T into GL(n,Z) 
induces a smooth injection p : N x™9 —> GL(«,R). By the uniqueness of the Jordan decomposition 
(see 1.4]), we have that p((n s , By)) = y s , p((n u , 1)) = y u . Consequently, it suffices to show the 
finiteness of SemiN(r)/r. We are now ready to prove Lemma l2~2l 

Proof of Lemma |2j2} Our proof will be done by inducting on the step size of Y u . 

Base case. In this case r„ = Z m for some m and hence N = R m . By the Bieberbach theorems (see 
[4|), we write elements as (t,S) where t S Z'" and S G GL(m,Z). As there are only finitely many 
S (these are the elements of 9), it suffices to prove that there are only finitely many semisimple 
factors (t s ,S) up to T-conjugation for each individual S. The action of S on Q™ decomposes into 
two subspaces Q m = W$ © WtrivS where Wtrtvs is the maximal subspace of Q™ on which S acts 
trivially. It is a simple matter to see that the Jordan decomposition of an element (t,S) is of the form 
(t s ,S)(t u ,I m ) where t s E W s and t u e W, riVtS . Conjugating by (t,I m ) produces (t s + (S-I m )t,S). As 
we are only concerned with those vectors in Ws, we may assume t G Ws- The possible vectors t form 
a finite index Z-submodule of Ws(Z) whose image under S — I m is still a finite index Z-submodule 
of Ws(Z) since S — /„, is invertible on Ws- As the set of possible vectors t s is contained in Wj(Z), up 
to r„-conjugacy, the possible vectors are identified with a subset of the quotient W$(Z) /(S — I m ) (L), 
where L is the Z-submodule of vectors in Ws(Z) which arise as translation vectors for an element of 
r u . As this quotient is finite, we conclude SemiN(r) /Y u is finite and thus SemiN(r) /T is finite. 

General case. For the general case, let T k u denote the A:th term in the lower central series for T u and 
assume that r„ has step size j > 1 (i.e., F J U = {1}). Associated to each r* is its Mal'cev completion 
Njt and Lie algebra n^. The conjugate action of F on N xiy9 induces an Ad(r)-action on n x^9. 
The semisimple factor set SemimfT) produces a corresponding set 

Semi n (r) = {(-q s ,9 Y ) : yeT, T] s = log(/i s )} C n x w d. 

The finiteness of SemiN(r)/r is equivalent to the finiteness of Semi„(r)/ Ad(r). Consequently, it 
suffices to show the latter. In addition, it suffices to show the finiteness of Semi n (T)/ Ad(T„) as 
|Semi n (r)/ Ad(r„)| is at least as big as |Semi n (T)/ Ad(r)|. We will now establish the finiteness of 
the latter set as follows. The Lie algebra n of N is a graded vector space of the form 

j-i j-i 
n = 0n,/n, + 1 =0Gr ; (n) 

i=0 i=0 

where no = n and n ; = {0}. In particular, each element TJ S has the form 

tj s = (77o,...,ij 7 -_i), r]i eGr,-(n). (2) 
Notice that we have a pair of almost crystallographic groups F ! and Y" given by 



Controlling manifold covers of orbifolds 



8 



and 

1— r„/r;— »r" — e — 1. 

This pair of groups inject into the groups N] x^-0 and (N/Ni) x^-0, respectively. For T', we have 
an induced AdfT^-action on ni x-^ 9 where the latter is nothing more than 

ni=0n,/n, +1 =0Gr(n). 

;=1 1=1 

Likewise, we have an Ad(r„/r ! 1 ,)-action on (n/ni) x^-0. According to our induction hypothe- 
sis, there only finitely many possibilities for TJi, . . . ,TJ,_i in (O up to the Ad(r i ')-action. Simi- 
larly, by our induction hypothesis, there are only finitely many possibilities for r/o in (O up to the 
Ad(r M /r, l ,)-action. Thus, there are only finitely many possibilities for rjo, ■ ■ ■ , TJ/-1 in © up to the 
Ad(r„)-action. In particular, up to the Ad(r„)-action, there are only finitely many possibilities for 
rj s in (T7 V , Qy) G Semi n (r). As the possibilities for By range over the finite group 9, this implies the 
finiteness of Semi ll (r) /Y. □ 



5 Theorem 1.1 for arithmetic lattices 



The proof of Theorem l 1.11 and its Coroll ary 1 1 . 2 1 work for subgroups A of GL(n,Q) commensurable 
with GL(n,Z). Briefly we describe this here. We begin with the following lemma whose validity 
can be deduced from the proof that Y injects into N XI ^ 6. 

Lemma 5.1. There exists a lattice To < N x-^- 9 such that Yq contains each s % and Y. 

With Lemma lBTTl we can generalize Theorem l 1.11 To this end, let A be a subgroup of GL(« , Q) com- 
mensurable with GL(«,Z) and assume that A contains a torsion free, virtually unipotent subgroup 
r. Using the same approach as in the proof ofTheorem ll.il note that Proposition l3.4l is validated as 
before (note that passing to convergent subsequences is done now inside the compact set Cl p (A)). 
For Lemma 13.51 we must modify our argument. It could be the case that A does not contain the 
elements s jk coming from Lemma |2~2l However, by Lemma IBTTI and |[T9l Corollary 10.14], there 
exists a group Ao commensurable with A that contains Fq. By Theorem 12. II (this holds for groups 
commensurable with GL(n,Z)), Cl(r) n Ao = Y. In particular, for each v y<., there must exist a 
prime p^ such that s Yk £ Cl Pk (Y). This shows that Theorem 11.11 can be extended to groups A in 
GL(«,Q) commensurable with GL(n,Z). For a general arithmetic lattice A, there exists an injective 
homomorphism y/: A— > GL(«,Q) such that y(A) is contained in a subgroup A in GL(«,Q) that is 
commensurable with GL(«,Z). Using the above argument, for any semisimple element tj G A, we 
can find a finite index subgroup Ao of A such that T < Ao and [t}]a H Ao = where [tj]a is the 
A-conjugacy class of tj. Certainly [tj]a C [tj]a an d thus [tj]a H Ao = 0. Intersecting Ao with A 
produces a finite index subgroup Ao of A such that T < Ao and [tj]a n Ao = 0. In total, we obtain the 
following theorem and corollary. 

Theorem 5.2. Let A be an arithmetic lattice, Y < A a torsion free, virtually unipotent subgroup, and 
TJ G A a semisimple element. Then there exists a finite index subgroup Aq of A such that Y < Aq and 

[Tj] A nA o = 0. 

Corollary 5.3. Let A be an arithmetic lattice and Y < A a torsion free, virtually unipotent subgroup. 
Then there exists a torsion free finite index subgroup Aq of A such that Y < Aq. 



The arithmetic assumption is only used in the proof of Lemma 13.51 Thus, we have the following 
corollary. 

Corollary 5.4. Let A < GL(n, C) be a finitely generated group and Y < A a torsion free, virtually 
unipotent subgroup. Given an infinite order semisimple element r\ G A, there exists a finite index 
subgroup Aq < A such that Y < Aq and [tj]a IH Aq = 0. 
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This corollary follows from the fact that any semisimple 77 in Cl p (r) is conjugate to a torsion element 
and thus itself is torsion. Indeed, there is nothing special about taking the conjugacy class of an 
infinite order semisimple element. The following is a consequence of the same logic. 

Corollary 5.5. Let A < GL(n,C) be a finitely generated group, Y < A a torsion free, virtually 
unipotent subgroup, and C be an infinite cyclic subgroup generated by a semisimple element. Then 

ci(r)nci(c) ={i}. 

Wilton-Zalesskii have also obtained this result in the case when A is a Kleinian group and T is a 
parabolic subgroup. 

Remark. We mention in passing that one can prove Corollary 15. 3l as before using the fact that T is 
torsion free, C1(T) = T, and Lemma l3~2l 

6 Geometric applications of Corollary 153 

In this section, we derive the main geometric corollaries of Corollary 15 . 3 I mentioned in the introduc- 
tion. For brevity, we refer the reader to lfT2l[T5l[T6 l for some of the details. 

6.1 Flat manifolds 

1. Proof of Corollary 11.41 For a fixed flat n-manifold N, Long and Reid |12| constructed an 
arithmetic hyperbolic (n + 1 )-orbifold M such that N is diffeomorphic to a cusp cross section of M. 
In particular, %\ (N) is a torsion free, virtually unipotent subgroup of rf rb (M). By Corollary 1331 
there exists a finite index, torsion free subgroup Ao < 7i" rb (M) such that %\ (N) < Aq. Passing to the 
cover Mq — > M corresponding to Ao, yields an arithmetic hyperbolic (« + 1 )-manifold Mq such that 
N is diffeomorphic to a cusp cross section of Mq. □ 

2. Nimershiem's conjecture. Reviewing the proof of Corollary 1 1.41 notice that passage from M 
to Mo does not change the flat similarity class on the cusp cross section diffeomorphic to N. In 
particular, we obtain the following orbifold-to-manifold promotion. 

Corollary 6.1. The space of flat similarity classes on aflat n-manifold that arise in cusp cross sec- 
tions of arithmetic hyperbolic (n + 1 )-orbifolds is precisely the same as those that arise in arithmetic 
hyperbolic (n + 1 )-manifolds. 

We established [16, Proposition 3.2] the density of those similarity classes that arise in cusp cross 
sections of arithmetic orbifolds. This with Corollary 16. ll proves Theorem ll.3l 

3. Classification of arithmetic cusp shapes. One of the main motivations for the geometric results 
of this article come from Gromov [8 1 whose worked inspired the conjectures of Farrell-Zdravkovska 
and Nimershiem [18]. In the former, it was conjectured that every flat n-manifold was diffeo- 
morphic to the cusp cross section of a one cusped hyperbolic (« + 1 )-manifold. However, Long and 
Reid ifTTI found examples of flat 3-manifolds that can never be diffeomorphic to a cusp cross sec- 
tion of a one cusped hyperbolic 4-manifold. Corollary 1 1 .41 shows the conjectural picture proposed 
by Farrell-Zdravkovska is not too far off (in some sense). 

Corollary 16. H and lfl6l Theorem 3.7] show the set of flat similarity classes appearing as cusp shapes 
in arithmetic hyperbolic manifolds is the image of the rational points of an algebraic set under a 
projection map. In total, this classifies cusp shapes of arithmetic hyperbolic (n + l)-manifolds. 
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6.2 Infranil manifolds 

The generalizations for complex and quaternionic hyperbolic spaces, namely Theorem |1.5l follows 
from an identical argument using Corollary 15. 31 and |fl6l Theorem 3.5]. The density of these struc- 
tures in the case N is a Nil 3-manifold follows from Corollary 15. 3l and lfl6l Corollary 3.6]. Finally, 
Corollarv ll.7l follows from Corollary 15. 3 1 and [ 15 Theorem 3.12]. Just as there are flat n-manifolds 
that cannot arise as the cusp cross section of a single cusped hyperbolic [n + 1 )-manifold, there 
exist Nil 3-manifolds that cannot arise as the cusp cross section of a one cusped complex hyperbolic 
2-manifold (see [9]). Corollary QT7] again shows the failure is not total. 

7 Final remarks 

1. Generalizing Theorem 15.21 For a virtually unipotent, torsion free subgroup T, there is essen- 
tially no difference in separating T from a semisimple class or a torsion class. Even for an infinite 
cyclic group (A) generated by a semisimple element A, it could very well be the case that one cannot 
separate (A) from a fixed semisimple conjugacy class [B], Indeed, the failure of conjugacy separa- 
bility in SL(n,Z), n > 2 provides examples (see 1211 ). However, the elements A and B are conjugate 
in SL(re,C) (A and B are conjugate in SL(n,Z p )) and thus it is possible to separate (A) from a fixed 

torsion class. Indeed, using Theorem 12. II Lemma [3~2l and the fact that (A) is torsion free, one can 
find a torsion free finite index subgroup of SL(«,Z) that contains (A). In fact, when A is semisimple, 
this does not require an arithmetic assumption either. 

2. Higher rank cusp cross sections. For cusp cross sections of higher rank locally symmetric 
spaces, the fundamental group of a cusp cross section is virtually solvable but typically not virtually 
unipotent. For instance, cusp cross sections of Hilbert modular surfaces are Sol 3-orbifolds (see 
ifTTl for more on this). Though Theorem l 1 . 1 1 mi ght not hold for these groups, Corollary 1 1 .21 extends . 
Indeed, the profinite completion of such torsion free groups are known to be torsion free by IflOl and 
the profinite completion is isomorphic to Cl(r) by [ 15]. This with Lemma [3~2l implies Corollary |1.2| 
for these groups. 

3. Totally geodesic, immersed surfaces. In general, it seems difficult to resolve torsion in Ques- 
tion 2 from the introduction even when M is a hyperbolic 3-orbifold and N is a totally geodesic 
surface. However, there are some special cases when this can be done. Indeed, when 7Ti (M) is 

subgroup separable, since n\ (N) is torsion free and the closure of %\ (N) in 7t\ (M) is isomorphic 

to K\{N), one can extend Corollary 11.21 One class of M that satisfy this condition are noncom- 
pact arithmetic hyperbolic 3-orbifolds (see 11]) which are endowed with many totally geodesic, 
immersed surfaces (see O). 
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